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1. INTRODUCTION 
Since Friedman and Ornstein [l] showed that to be a Bernoulli 
automorphism an automorphism of a probability space need only be 
weak Bernoulli, it has been of interest to investigate which automorphisms 
have this property (see for instance [6, 71). In this paper we look at the 
linear mod one transformations and show that at least for j3 > 2, these 
are weak Bernoulli endomorphisms and so their natural extensions 
(for definition see [S]) are Bernoulli automorphisms. In Section 2 we 
outline the relevant theory of linear mod one transformations, and in 
Section 3 we show that for j3 > 2, these transformations are ergodic, 
exact (and hence in this case strongly ergodic), and finally weak Bernoulli. 
Section 4 includes an example to show that /3 > 2 is not a necessary 
condition and discusses some questions raised by Parry [3] which we 
have been able to partially answer. 
My thanks are due to S. M. Rudolfer for his guidance throughout 
this research and to M. Smorodinsky for many helpful discussions and 
for a preprint of his paper on the p-transformation [7] which inspired 
this work. 
2. LINEAR MOD ONE TRANSFORMATIONS 
Throughout this paper we have the underlying probability space 
given by [O, I) together with the Bore1 a-field and Lebesgue measure 
(denoted by A), For /I > 1, 0 < cy < 1, the linear mod one trans- 
formation from 10, 1) onto 10, 1) is defined by 
TX = /3x + a (mod one). 
64 
Copyright 0 1974 by Academic Press, Inc. 
AU rights of reproduction in any form reserved: 
LINEAR MOD ONE TRANSFORMATIONS 65 
We shall restrict attention to the case /3 > 2. T does not in general 
preserve Lebesgue measure, but it has been shown by Parry [3] that an 
invariant probability measure p exists which is equivalent to h if T is 




h(x) 7 ma?t(H(r), 0) 
whereF(a, /3) is a normalizing factor and T(I) = /3 + ol(mod one). 
We see that 
(1) 
and so since $ > 2, H(x) = h(x). 
Since I%(X) may have a countable number of jumps, vve shall 
approximate p by 
where 
Note that for al1 x E 10, l), 
We shall denote by P = (P,, , P, ,..., Pr,,,]) the partition of [O, 1) 
into the sets 
P, -2 {x: [/3x + a] = n}, n = 0, I,-., F + 4, 
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where [x] represents the integer part of x, i.e., 
i 
LO, (1 ~ +/q; la-0 
p?l = rbf - ~)//A (n - Jx + 1)/S); 1<n<[P+4-1 
r(n - 4//s 1); n = rfl + 4. 
P is a generator. For any measurable partitions {Qi}Et of [0, l), 
we write !,/~~r Q” for the partition with atoms fly=“=, A, , where A, is an 
atom of Qi, i = 1, 2 ,..., m. In the partition Vy=l,’ TYP of [0, l), we wish 
to distinguish between those atoms of the partition which are mapped 
by T” onto [O, I) and those which are mapped by T” only onto a strict 
subset of [0, 1). The former are called full intervals of rank 71 and have 
Lebesguc measure l//3”, the latter are called nonfull intervals of rank n 
and have Lebcsgue measure less than l//P. For instance, when n = 1, 
P,, and Pcs+,] are in general nonfull and the rest are full. 
LEMMA 2.1. Let S(n) be the number of atoms of i/y:: T-‘P with 
nonsero Lebesgue measure; then S(n) < p”+‘/(/3 - 2). 
P~OCJJ. The atom 
PxI n T-Tz2 n .a. n P+21’,r,. L = Jr, , x2 ,..., x,-J 
of Vt’-” T-iP has the form 
[ 
x1 - a: x2 - Iy "%L-1 ~ ._ -- 
P 
pz +***+ p-1 
-wl,s,~~ I x>;a i **,+%-W,), 
p-1 
where 0 < sr < s2 < 1 and sr , s, depend on x1 , x2 ,..., x,-r _ 
If S‘J > $1 , suppose that the subsets d(x, , x2 ,..., x,-r, k) of 
4x,, x2 ,.,., x,,~,+~) have positive measure for k, = k,(x, , xa ,..., x,-J < 
K < k,(x, , x2 ,..., x,,-r) = K, Then the intervals 
are disjoint for distinct sequences (x1 , xp ,..., x+r). Moreover, 
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whcrc the sum is over all atoms A(x, , xA ,..., x,-t) of VyYT: TYP with 
nonzcro measure. Ilcnce, 
TXMklA 2.2. For any E > 0, we ran jitilld k = k(E) such that for u/l IE, 
we my coz:er [0, 1) up to CL set cf p-measure E with disjoint jull interzals of 
yuan.k betzceerz N and n 1 k. 
Proof. 13ecausc of (1) it is sufficient to prove the lemma for Lebesgue 
measure. 1tre cover [0, 1) as far as possible with full intervals of rank n. 
Let E(n) reprcscnt the number of nonfull intervals of positive measure 
of rank n. Covering thesc E(n) sets as far as possible with full intervals of 
rank 1~ 1 I leaves at most 2E(rt) intervals uncovered. Continuing in this 
way, if RILt represents the remainder after covering as far as possible by 
full intervals of rank n + k, then 
and since E(n) < S(n) < /P+‘/(/3 - 2). 
We may similarly prove 
COROLLARY 2.3. Any interval is an at most cozMahle union qf fur,! 
intervals (mod zero). 
l’roof, The proof follows from Lemma 2.2 and the fact that h,,,(x) 
is a step function with at most 2m jumps. 
The following lemma is essentially the same as Lemma I of [7]. 
Proti$ Tn maps A linearly onto [0, I) and A n T--lLR onto B. 
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3. ERGODIC PROPERTIES OF LINEAR MOD ONE TRANSFORMATIONS 
LEMMA 3.1 (Knopp [2]). If X is a Bore1 set such that A(X) > 0 and 
there is a class I of subintervaEs of [0, I) szdz that 
(a) every open subinterval of [O, 1) is an at most countable disjoint 
&on of these subintervals, and 
(b) GUY any A E 1, h(A 0 X) > $(A), UrJzepe y > 0 is independerzt 
of A, then X(X) = 1. 
Pyoof. Suppose for a contradiction that X(X”) > 0 (Xc denotes the 
complement of X). Since Xc is in the Bore1 o-field which is generated 
by the open subintervals of [0, l), we may find, for any l > 0, a set EC 
which is a finite disjoint union of open intervals such that X(X” A E,) < E. 
Moreover, from (a) and (b) we may infer that 
Hence, from the construction of E, , 
E > h(X n E<) > y(h(XC) - c), 
and if E is chosen to be less than A(XC) r/(2 + Y), we have a contradiction. 
THEOREM 3.2. Linear mod one transformations are ergodicfor p > 2. 
ProoJ Suppose B = T-IB and A(B) > 0; then by Lemma 2.5, for 
any full interval, A say, 
Aft3 A A4) = h(A) h(B), 
and so Lemma 3.1 holds with I the set of all full intervals (which by 
Lemma 2.3 satisfies (a) of Theorem 3.1) and y = h(B). Hence h(B) = 1. 
We quote without proof the following theorem of RohIin [Sj. 
THEOREM 3.3. Let I be a countable system of subsets of [0, 1) of 
positive measure such that the unions of pairwise nonintersecting sets A E I 
form an everywhere dense set in the Bore1 a-field. I f  there exists a positive 
integer-valued function n(A), A E I, and a positive number q such that 
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p(Tn(A)A) = 1 for all A E I, andf or any Bore1 set B C A with measurable 
image TntA)B 
P( T”(“‘B) < w(m@), (21 
then T is an exact endomorph&n. 
THEOREM 3.4. Linear mod one transformations me exact for /3 > 2. 
Proof, The conditions of Rohlin’s theorem are satisfied with I the 
set of aI1 full intervals, n(A) the rank of the full-interval A. The inequality 
(2) folIows from Lemma 2.5 and inequalities (I) with q = p”/(/I - l)(p - 2). 
COROLLARY 3.5. Linear mod one transformations are strongly ergodic 
for p > 2. 
Proof, Since T is exact, it is mixing (see IS]). Suppose T-IE C I?, 
then 
p(T-nE t-3 E) = p(T-?q = y(E), 
but the left-hand side converges to (,u(E))z as n -+ co. Hence p(E) = 0 
or 1, and since by{l) X is equivalent to (I, we have A(E) = 0 or 1. 
DEFINITIONS 3.6. (i) For two partitions Q, R, we define 
(ii) T is said to be weak Bernoulii if it has a generator P such 
that for each t > 0 we can find p = q(e) such that for n = 0, 1,2,... 
n+zn 
v X-iP, \j T-“P) < E. 
i=q+n id) 
THEOREM 3.7. Linear mod one transformations are weak Bernoulli for 
p > 2. 
Proof. As the proof is essentially the same as that given for the 
&transformation in 171, we give only an outline. ?Ve use approximations 
of p by I*,~ and of intervals by unions of full intervals to show that the 
partition P defined in Section 2 is a weak Bernoulli generator using the 
pkasant properties of pflb and full intervals. 
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Let E > 0 be given and choose 711 so large that both 
f&(x) > (1 - E/IO) h(r), l/h,(x) < (1 + C/lo);&) for all x t [0, I). 
Using Lemma 2.4, we find K = k(~jlO, liz) and n, = n(~/lO, m) such 
that for n > n, , we can cover [0, I) up to p-measure ~110 by full 
intervals of rank between it and n -t K on which h,,A is constant. The set 
of these full intervals will be denoted by F,n,k . We approximate Vt T-“P 
by a partition Q, in the following way. If R is an atom of V,” T-iP, then a 
corresponding atom a in Q,, is formed by taking the union of all the sets 
in Fn,F which are subsets of R. The remainder of [0, 1) when an atom J? 
has been formed corresponding to each R E VrL, T-iF will also be an 
atom of Qn . This atom will h ave p-measure less than E/I 0. Let A E Fn,k 
of rank 71 + j, say, 0 < j < k, let B = Tp+qB’, where B’ E &, T-‘iP, 
and q will be chosen later. 
Then 
where E is a fixed full interval of rank Y, say, on which h,, is constant. 
The first two terms on the right-hand side are each smaller than c/5 
by the choice of m, the third may be made smaIIer than E/S by increasing 9, 
using the Martingale Theorem. Finally, 
+ C I PP n RI - A@ n fill 
B.R 
by the choice of Qn . 
LINEAR MOD ONE TRANSPORMATIOKS 71 
COROLLARY 3.8. The natural extensions of T,x = /31m~ f IX, (mod one) 
and T,x -= &x -1 [.xg (mod one) are isomorphic if and on!y if fil = I;? . 
Proof. The natural cxtensinns of T, and ‘r:, arc weak Bernoulli 
automorphisms and hence [l] they are isomorphic if and only if they 
have the same entropy. The entropy of the natural extension of an endo- 
morphism is the same as that of tho endomorphism itself [5] and Parry 
has shown [4] that the entropy of T,r = j3x ./. ‘Y (mod one) is log 13. 
4. REMARKS 
I. We restricted attention to p > 2 for purely technical reasons. 
There arc examples of linear mod one transformations with /3 --r 2 
which are weak Bernoulli. For instance, 
EXAMPLE. I,ct p be the positive solution of /Y - /I - 1 = 0 and 
a --_ 2 ~ /3. The partition I is P, = [0, x), P, : [‘x, I), 
&noting by P(x,, 1 X, ,..., x ,,-,) the ratio 
it can be shown, using the linearity of T, that p(xr, 1 x1 ,..., x,,. 1) 7 
~(x,, 1 x ,,,- I)1 i.e., we have, regarding 0, I as two states, a Markov Chain. 
Moreover, the transition matrix is 
which defines a mixing Markov Chain and hence rl’ is weak Bernoulli [I]. 
2. With regard to the questions posed by Parry [3], we have 
shown, for /I > 2, 
(a) h(x) is always positive, 
(b) linear mod one transformations are ergodic, 
(c) the invariant measure is always equivalent to Lebesgue 
measure and T is always strongly ergodic. 
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